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1 Introduction 



Abstract 

Let G be an arbitrary group. We show that if the Fitting subgroup of 
G is nilpotent then it is definable. We show also that the class of groups 
whose Fitting subgroup is nilpotent of class at most n is elementary. We 
give an example of a group (arbitrary saturated) whose Fitting subgroup 
is definable but not nilpotent. Similar results for the soluble radical are 
given. 

O 

Let G be a group. The Fitting subgroup of G is the subgroup generated by 
all normal nilpotent subgroups of G. It will be denoted F(G). The subgroup 
generated by all the normal soluble subgroups of G is called the soluble radical 
and will be denoted R(G). 

We see that if G is finite then F(G) is nilpotent and R(G) is soluble but 
in general F(G) is not necessarily nilpotent, similarly R(G) is not necessarily 
|- — ■ soluble. However, we can see that for an arbitrary group G, F(G) is locally 

I/"") ' nilpotent and R(G) is locally soluble. 

• It is well-known that the Fitting subgroup (or the soluble radical) is definable 

| in many classes of groups. The definability of the Fitting subroup of a group G 

makes it more accessible for using model-theoretic techniques. 
(N 1 The purpose of the present note is to give relations between the nilpotency 

and the definability of the Fitting subgroup (we treat also the soluble radical). 
The first observation is that the nilpotency (resp. the solubility) of the Fitting 
subgroup (resp. of the soluble radical) implies its definability. 

Theorem 1.1. 

(1) For any n > 1, there exists a formula 4> n (x), depending only on n, such 
that for any group G, if F(G) is nilpotent of class n then it is definable by 4> n . 

(2) For any n > 1, there exists a formula ip n (x), depending only on n, such 
that for any group G, if R{G) is of derived length n then it is definable by ip n . 

One may ask if the given formula can define the Fitting subgroup in elemen- 
tary extensions of G. We show that it is the case. 

Theorem 1.2. The class of groups whose Fitting subgroup is nilpotent of class 
at most n is elementary. Similarly for the class of groups whose soluble radical 
is of derived length at most n. 
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One of the consequences of Theorem 11.11 and 11.21 is that if G is an 9Jtc- 
group then for any group K elementary equivalent to G, F(K) is nilpotent 
and definable. Indeed by a result of Derakhshan and Wagner [3J [5] F(G) is 
nilpotent and we apply Theorem 11.11 and [TT21 We note that being an 9Jtc-group 
is not necessarily conserved by elementary equivalence. Recently Altiinel and 
Baginski [T] showed that in an 9H(7-group every nilpotent subgroup is contained 
in a definable nilpotent subgroup. 

As noticed above F(G) is locally nilpotent. In fact F(G) satisfies a stronger 
property: the normal closure (in G) of any finite subset of F(G) is nilpotent. 
To formulate the next result we introduce the following definition: we say that 
F(G) is uniformly normaly locally nilpotent if for any m there exists d(m) such 
that for any finite subset A C F(G) of cardinality at most m the normal closure 
of A is nilpotent of class at most d(m). The notion of R(G) is uniformly normaly 
locally soluble is defined in a similar way. 

Theorem 1.3. Let G be an ^-saturated group. Then F(G) is definable if and 
only if F(G) is uniformly normaly locally nilpotent. Similarly R(G) is definable 
if and only if R(G) is uniformly normaly locally soluble. 

One may also ask if the converse of Theorem 11.11 is true, that is if the 
definability of the Fitting subgroup implies its nilpotency (similarly for the 
soluble radical). At the end of the next section we give an example, based on a 
result of S. Bachmuth and H.Y. Mochizuki [2J, of a group G (even Ho-saturated) 
such that F(G) is definable but not nilpotent, similarly for the soluble radical. 

Acknowledgement. I am very grateful to Tuna Altiinel for stimulating dis- 
cussions during the conference "Model Theory of Groups (Interaction between 
Model Theory and Geometric Group Theory)" CIRM, Luminy, November 21-25, 
2011. 

2 Proofs 

The notations which we are going to use are very standard. Given a group G and 
g,h £ G the commutator [g, h] is defined to be g~ 1 h~ 1 gh. We use the notation 
g h = h~ 1 gh. If A is a subset of G, then (A) denotes the subgroup generated 
by A and (A) G stands for the normal closure of A. For g G G, g G denotes the 
conjugacy class of g. We see that (g G ) — (g) G . If H, K are subgroups of G then 
[H, K] is the subgroup generated by the commutators [h, k] where h 6 H,k e K. 

The next lemma can be deduced from [5] but for the sake of completeness 
we provide a proof. 

Lemma 2.1. Let G be a group, H and K be normal subgroups of G. Suppose 
that H is generated by A and K is generated by B. Then [H, K] is generated 
by X = {[a",^]: ae A,b e B,a,j3 e G}. 

Proof. We note that (X) is normal and (X) < [H,K]. We must show that 
for any h € H,k e K, [h,k] 6 (X). There exists a word w (resp. v) over 
the alphabet A ±x (resp. over B ±x ) such that h — w(a),k — v(b). The result 
follows by induction on \w\ + where |.| denotes the word- length, by using 
the following formulae: 

[x,yz] = [x,z][x,y] z , [xy, z] = [x,z] y [y, z], [x, y] z = [x z , y z ], 
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[x-\y] = [x,y^]-\ [x,y- 1 ] = [xy-\y]- 1 . □ 

We define by induction on n, the word u n {x\, . . . , as follows: 

u 1 {xi,x 2 ) = [xi,x 2 ], 

u n+ i(xi,. . . ,x n+1 ,x n+2 ) = [u n (xi, . . . l),X n+2 \. 

We see that a group G is nilpotent of class at most n if and only if G \= 
Vxi . . .\/x n+ xu n {xi, . . . ,x n+ i) = 1. 

Similarly, by induction on n, define the word v n (x\, . . . , x 2 ™) as follows: 

Vi(xi,X 2 ) = [xi,X 2 ],V2(x 1 ,X 2 ,Xs,X4,) = [[xi,X 2 ], [^3,^4]], 

v n+1 (x\, • . . , x 2 ™ , xi +2 ™ , . . . ,x 2 n+i) = [v n {xi, . . . ,X 2 n),V n (Xl +2 n,...,X 2 » +2n )]. 
As above a group G is soluble of derived length at most n if and only if 

G \= VX1 . . .\/x 2 nV n {Xl, . . .,X 2 n) = 1. 

Lemma 2.2. Let N be a normal subgroup of G generated by B. 

(1) The n-th term N n of the descending central series of G is generated by 

{u n (b*\ . . . Xi+i) ■ h G B,Oi G G}. 

(2) The n-th term of the derived series of G is generated by 

{v n (b« 1 ,...,b% n ):b i eB,a i €G}. 

Proof. We treat only (1) the proof of case (2) proceeds in a similar way. The 
proof is by induction on n. For n = 1, we get N 1 = N' and the result is a 
consequence of Lemma [2.11 For n + 1, iV" +1 = [N n ,N]. By induction N n is 
generated by 

{u n {b a l \...Xn+T) -bi eB, ai eG}. 
By Lemma \2. 11 since N n is normal in G, N n+1 is generated by 

{[un(6?S . . . , Clf-Cl : bi e B, p, at 6 G}, 
which coincides with the following set 

{ Un+1 (br cr . c + 2 2 ) : b i £B, ai eG}. □ 

Lemma 2.3. For any (n, m) G N 2 ; i/iere exists a formula <p n ,m{ x ii ■ • ■ i ^m) sat- 
isfying the following property: for any group G, for any finite subset \b\, . . . , b m } 
of G, G f= <p n ,m{bi, ■ ■ ■ , b m ) if and only if ({b\, . . . , & m }) G is nilpotent of class 
at most n. Similarly for the soluble case. 

Proof. We treat the nilpotent case, the proof of the soluble case proceeds in 
a similar way. Let us denote by S nm the set of all applications from the set 
{1, . . . , n + 1} to the set {1, . . . , m}. Let <p n ,m{&i) ■ ■ ■ > x m) to be the following 
formula 

VyiVy 2 ■ ..Vy n+ i f\ . . . ,1^) = 1. 
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Let A = b m } C G. Then (A) G = ({bf\l < i < m,g G G}). By 

Lemma EH ((^.} G ) n is generated by 

{ w n(^(l)' • ■ • ' ^"(n+l))' CT ^ Snmidi G G}, 

which gives the required result. □ 

Proof of Theorem 11.11 We treat only (1) the proof of case (2) proceeds in 
a similar way. Let n to be the nilpotency class of F{G). We have a G F(G) 
if and only if (a) G is nilpotent of class at most n. But (a) G is generated by 
{a 9 : g G G} and thus we conclude by Lemma \2. 2 1 that 

a e F(G) if and only if G \= Vrci • • • Vx n+1 (u n (a Xl , . . .,a Xn+1 ) = 1). □ 



Proof of Theorem 11.21 We treat only the nilpotent case, the proof of the 
soluble case proceeds in a similar way. Let p > and 

: Vxi . . . Vx m ( f\ tp n ,i(xi) =^> typ.mixx, ■ • ■ j %m))> 

l<i<m 

where ip n , m is the formula given by Lemma 12.31 Let 

T p = {<£n, m |n,m G N*}. 

We claim that G \= T p if and only if F(G) is nilpotent of class at most 
p. Let G \= T p . We must show that for any b lr -- ,b p+1 G F(G), F(G) \= 
u p (b 1 ,...,b p+1 ) = 1. 

Let bi, ■ ■ ■ ,b p+ i G F(G). For each 1 < i < p + 1, since bi G F(G), there 
exists rii such that (bi) is nilpotent of class n^. Let n = maxi<i< p+ i ni. Hence, 
we have G \= Ai<i< P +i ¥>n,i(bi)- Therefore, G |= (^ PiP+ i(6i, . . . , 6 p+ i) and thus 
. . . , b p+ i) G is nilpotent of class at most p which gives the required result. 

Now, we show that if F(G) is nilpotent of class at most p, then G \= T p . 
Let n,m G N* and let b\,...,b m such that G |= Ai<i< m fn,i{bi)- Hence, for 
each i, (bi) G is nilpotent of class at most n. Hence (bi) G < F(G) and thus 
(b\, . . . , 6 m ) G is nilpotent of class at most p and thus G \= <fp, m (bi, ■ ■ ■ , b m ) as 
required. □ 



Proof of Theorem 11.31 Suppose that G is Ko-saturated. We will deal only 
with the Fitting subgroup, the case of the soluble radical is similar. Suppose that 
F(G) is definable. Since for any b%, . . . , b m G F(G), (bi, . . . , b m ) G is nilpotent 
and G is Ho-saturated we conclude, using Lemma [2.31 that there is an uniform 
bound on the nilpotency class of (bi, . . . , b m ) G . Conversely, if there is an uniform 
bound on the nilpotency class of nilpotent subgroups of the form (b) G , then 
F(G) is definable by the formula given in the proof of Theorem ll.il □ 

We end this section by giving an example showing that the definability of 
the Fitting subgroup does not imply necessarily its nilpotency, similarly for the 
soluble radical. 

Recall that the (right) n-Engel word [x, n y] is defined inductively by [x,i y] — 
[x,y] and [x, n+ \ y] = [[x, n y], y]. A group G is said to be n-Engel if G \= 
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VxVy[x, n ?/] = 1. It is known that a group G is 2-Engel if and only if the 
normal closure of any element of G is abelian. L. C. Kappe and W. P. Kappc 
[1] proved that a group is 3-Engel if and only if the normal closure of any 
element of G is nilpotent of class at most 2. It follows that if G is 3-Engel then 
F(G) = R(G) = G. 

S. Bachmuth and H.Y. Mochizuki [5] constructed a nonsoluble 3-Engel group 
G. We see that if L is an elementary extension of G, which can be shosen 
arbitrary saturated, then L is also 3-Engel, nonsoluble and F(L) — R(L) = L. 
Hence L is an example of a (arbitrary saturated) goup in which F(G) is definable 
(by the obvious formula x = x) but not nilpotent, similarly for the soluble 
radical. 

If we want to have an example in which the Fitting subgroup is a proper 
subgroup, we can modify the previous example slightly as follows. We let K — 
G x S where S is a finite nonabelian simple group. Then by picking a nontrivial 
element s G S we see that G is the centralizer Ck{s). We see also that F{K) = 
R{K) = G. Hence the Fitting subgroup of if is a proper definable subgroup 
which is not nilpotent and even nonsoluble and the same property holds also in 
elementary extensions of K . 
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